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A SURVEY ON y-MODULE CONNES AMENABILITY OF SEMIGROUP
ALGEBRAS

E. Tamimi* and A. Ghaffari

ABSTRACT. We shall study the x-module Connes amenability of a semigroup algebra
I*(S), where x is a bounded module homomorphism from I*(S) to I*(S) that is w*-
continuous and S is an inverse weakly cancellative semigroup with subsemigroup
E of idempotents. We are mainly concerned with the study of x-module normal,
virtual diagonals. We characterize the xy-module Connes amenability of a semigroup
algebra [*(S). Also, we show that if [1(S) as a Banach module over [}(E) has an
id-module normal, virtual diagonal then it is id-module Connes amenable. Other
characterizations of y-module Connes amenability of /*(.S) is presented.

1. INTRODUCTION

Connes amenability of dual Banach algebras were introduced by Runde in
[19]. In [20], Runde showed that if a Banach algebra is Connes amenable, it
has a normal, virtual diagonal. In [7], ¢-Connes amenability of dual Banach
algebras, where ¢ is a character from a Banach algebra onto C is investigated.
In [1], Amini introduced the notion of module amenability for semigroup
algebras. Amini proved that for an inverse semigroup S with subsemigroup
E of idempotents, I}(S) as a Banach module over [!(E) is module amenable
if S is amenable and vice versa. Also, in [3] Ghaffari et al. studied ¢-module
Connes amenability of dual Banach algebras, where ¢ is a w*-continuous
bounded module homomorphism from a Banach algebra to itself. For more
study on module amenability, we can refer to [1, 2, 17, 21]. In [14], Minapoor
introduced ideal Connes amenability of [!-Munn algebras and its application
to semigroup algebras. Also, ideal Connes amenability of Lau product of
Banach algebras is studied by Minapoor et al. [15]. Module operator virtual
diagonals on the Fourier algebra of an inverse semigroup is studied by Amini
and Rezavand in [3]. In [13], Lau and Zhang studied the fixed point properties
of semigroups of non-expansive mappings on weakly compact convex subsets
of a Banach space. Also, they provide a characterization for the existence
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of a left invariant mean on the space of weakly almost periodic functions
on separable semitopological semigroups in terms of fixed point property for
non-expansive mappings. In [10, Lemma 2.1], Lau showed that if S is a
semitopological semigroup and X is a left translation invariant subspace of
the closed subalgebra of [*°(S) consisting of continuous functions, where X
has a left invariant mean, then S is left reversible.

In [I1], Lau and Zhang studied the algebraic and analytic properties of
semigroups related to fixed point properties of non-expansive mappings. Also,
they investigate the extremely left amenability of a semitopological semigroup
in terms of existence a left invariant mean on the left uniformly continuous
functions. In [12], Lau and Zhang investigated the fixed point properties for
semigroups of non-expansive mappings on convex sets in dual Banach spaces.
Also, they showed that any left invariant mean on a left invariant subspace
of [*°(S) that S is a left reversible semitopological semigroup extends to a
strictly increasing left subinvariant submean on [*°(5).

All of these concepts generalized the earlier concept of amenability for the

semigroup algebras introduced by Johnson [9].
In this paper, we introduce the concept of y-module Connes amenability for
semigroup algebra [1(S) and we characterize the y-module Connes amenabil-
ity in terms of xy-modul normal virtual diagonals. In particular, we show
that if y : [}(S) — [}(S) is a bounded module homomorphism that is w*-
continuous and ['(S) as a Banach module over ['(E) is y-module Connes
amenable, then it has a y-module normal virtual diagonal. Other results and
hereditary properties in this direction are also obtained.

2. x-MODULE CONNES AMENABILITY

A discrete semigroup S is called an inverse semigroup if for each x € S
there is a unique element z* € S such that zaz*z = x and z*z2* = z*. An
element x € S is called an idempotent if z = z* = 22. The set of idempotent
elements of S is denoted by E. For s € S, we define L, R; : S — S by
Ls(t) = st, Rs(t) = ts, (t € S). If for each s € S, Ly and R; are finite-to-one
maps, then we say that S is weakly cancellative. Before turning our result,
we note that if S is a weakly cancellative semigroup, then [1(S) is a dual
Banach algebra with predual cy(S) (see [0]).

Let S be an inverse semigroup, s,t € S and F be a subsemigroup of
idempotents. We consider an equivalence relation on S where s ~ t if and
only if there is ¢ € E such that sq¢ = tq. The quotient semigroup Sq = % is

a group (see [10]). Also, E is a symmetric subsemigroup of S. Thus, [}(S)
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is a Banach ['(E)-module with compatible canonical actions. Let I1(E) acts
on [1(9) via
0g-05s = 05, 05.04 = d5qg = 05 % J (se S,qe k). (2.1)
It is known that, I'(Sg) is a quotient of {'(S) and so the above action
of I1(E) on I}(S) lifts to an action of I}(E) on I}(Sg), making it a Banach
I}(E)-module (see [1]).
Throughout this paper, it is assumed that I}(S) = (¢(9))* is a dual Banach
algebra, and U = ['(F) is a Banach algebra such that ['(S) is a Banach

U-bimodule via,
a.(0:6;) = (.05).8:, (aB).0s = a.(8.05) (65,0, €11(S),a, B EU). (2.2)

Definition 2.1. Let S be a discrete semigroup and [}(S) be a
dual Banach algebra. A module homomorphism from [*(S) to I}(S) is a map
x : IH(S) — 11(S) with

X(a-(Ss + 61&5) = a'X((Ss) + X((St)'ﬁ: X(ds&f) - X((Ss)X((St)
for every d,,6; € I*(S) and a, 8 € U.

Throughout this paper H,-({'(S)) will denote the space of all bounded
module homomorphisms from [*(S) to [1(.S) that are w*-continuous.

Definition 2.2. Let S be a discrete semigroup, I}(S) = (co(S))* be a dual
Banach algebra, X be a dual Banach [!(S)-bimodule and x € H,-(I*(S5)).

A bounded map D : [1(S) — X is called a module y-derivation if for every
ds,0; € 11(S) and «, B € U, we have

D(a.6s + 0¢.8) = a.D(05) = D(d;).5 (2.3)
and

D(656;) = D(d5)-x(0) + x(05).D(6¢)- (2.4)
Also, X is called symmetric, if

a.r = x.( (elU,x e X).
When X is symmetric, each x € X defines a module y-derivation
(D)(8,) = X(8).x —w.x(8) (8, € 1X(S)). (2.5)

Derivations of this form is called inner module y-derivations.

Let X be a dual Banach [!(S)-bimodule. Then X is called normal if for
each x € X, the maps

1'(S) = X; 05 — 05.%, 0y — 1.0, (2.6)
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are w*-continuous. Moreover, if X is an U-bimodule such that for x € X,
a € U and §, € I1(S) we have

a.(0s.7) = (.ds).x, (ds.).x = bs.(.x), (a.x).05 = a.(x.d5), (2.7)

then X is called a normal Banach left ['(S)-U/-module. Similarly for the right
and two sided actions.

Definition 2.3. Let S be a discrete semigroup, I1(S) be a dual semigroup
algebra, x € H,~(I1(S)) and U be a semigroup algebra such that [*(S) is a
Banach U-module. Then [1(.9) is called x-module Connes amenable if for any
symmetric normal Banach ['(S)-U/-module X, each w*-continuous module
x-derivation D : [1(S) — X is inner.

In the sequel, we characterize the y-module Connes amenability of
semigroup algebras.

Proposition 2.4. Let S be a discrete semigroup, 1*(S) be a dual semigroup
algebra and x € Hp+(11(S)) such that x(1*(S)) = 11(S). If I}(S) is x-module
Connes amenable, then I1(S) is module Connes amenable.

Proof. Let E be a symmetric normal Banach [!(S)-I1(S)-module and
D : I1(S) - E be a w*-continuous module derivation. Set p = D o .
The mapping p : [1(S) — E is a module y-derivation. Since x € H,+(I*(S)),
p is w*-continuous. Thus there exists r € E such that p(d;) = 7.x(ds) —x(Js).7
for all §, € I1(S). By hypothesis, there exists §; € [1(.9), such that x(d;) = Js.
Hence

D(ds) = D(x(6:)) = p(d¢)

= 1r.0s — 0.7
It follows that {1(S) is module Connes amenable. O
In [5, Theorem 1.3], Dales and Strauss showed that if S is an infinite,

weakly cancellative semigroup, then S is strongly Arens irregular. Also, in
[5, Theorem 1.6] by similar conditions they showed that I'(S) is strongly
Arens irregular. Using this notions we prove the following theorem.

Theorem 2.5. Let S be a finite discrete semigroup, 11(S) be a dual Arens
reqular semigroup algebra and x € H,(1'(S)). Then I1(S) is x-module
Connes amenable if and only if I1(S)* is x**-module Connes amenable.

Proof. Consider the following commutative diagram,
Let 1(S) be y-module Connes amenable, E be a symmetric normal Ba-
nach [1(S)**-I'(E)-module and D : ['(S)** — E be a w*-continuous module
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1(S)"
T D
() D=De ¥

FicUure 1. Commutative diagram.
x**-derivation. Let 0 : [1(S) — I1(S)** be the canonical map. It is clear that
6 is w*-continuous. Define a module action of ['(S) on E by
T®0,=2.000,), ds®x=0(5)x (5 €l(S),x€E). (2.8)

This module action is well-defined and turns E into a normal Banach
I'(9)-I"(E)-module. Define a derivation D : I}(S) — E by D = D o 6.
Then we obtain

D(5s5t) =D 0 0(0;0:) = D o 0(d,).x"(0(d)) + x™(6(65)).D 0 6(5)
= D0 6(05).0(x(0:)) + 0(x(05)).D 0 6(5)
= D 0 6(d) ® x(01) + x(05) ® D 0 0(01)
= D(8;) ® X(&) + x(05) ® D(5).

Thus, using the relations (2.3) and (2.4), D is a module y-derivation that is
w*-continuous. Since [1(.9) is y-module Connes amenable, there exists x € F
such that

D(6,) = D o 6(5,)
=z ® x(0s) — x(ds) ® T
= 20(x(5,)) — O(x(6,)).. (2.9
Let I' € I1(S)™. Since W = [1(9)* and using Goldstine Theorem,
there exists a net {0,} C 11(S) such that 0(6,) — I' in the w*-topology. It

can be shown that x** is w*-continuous. So, x**(0(d,)) — x**(I'). Thus, by
relation (2.9)

D(T') = ling 0 6(04)
= limz.0 o x(0,) — 0 0 x(6a).x
= liZnsc.)(k* 00(0y) — X 00(d,).x
=z.x"([) — x™(I).x.

Therefore, D is inner.
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Conversely, consider the following commutative diagram,

(co(5))"

F1cURE 2. Commutative diagram.

Suppose that E is a symmetric normal Banach ['(S)-I!(E)-module and
D : 1}(S) — E is a w*-continuous module y-derivation. Let

7 (co(S9))™ — (co(S))", T(A) = A o))

be the Dixmier projection. Since, 7 from [*(S)** onto [}(S) is a module
homomorphism, E is a Banach {!(S)**-I*(E)-module with the bimodule ac-
tions are defined as follows:

Aoz=n(A) .z, tOAN=2x(A) (z€E,Acl'(S)™).

It is easy to see that E is a symmetric normal Banach [1(S)**-*( E')-module.
Consider the mapping D o : [}(S)* — E, in Figure 2. We have,

Don(Al') = D(w(A)n (L))
=Don(A).xon(I')+ xon(A).Don(l)
= Don(A).m(x™"(I) + 7(x"(A)).D o7 (I')
=Don(A)ox™ () +x"(A)© Don(l).

It follows that D o m is a module Y**-derivation.  Since [}(S)** is

x**- module Connes amenable, by Definition 2.3, there exists x € E such
that for all A € I1(S)*

Dom(A)=x"(A) Oz —z0X"(A)
=7(x" (M) —zm(x(A))
= x(m(A)).x —zx(7(A)).
Therefore D(85) = x(ds).x — x.x(ds) for all §5 € I1(9), and hence by (2.5), D

is inner. L]

Theorem 2.6. Let S be a discrete semigroup, 1'(S) be a non-abelian
symmetric dual semigroup algebra and x € H(11(S)). If 11(S) is x-module
Connes amenable, then [1(S) has a bounded approximate identity for x(I*(S)).
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Proof. By Theorem 2.5, we assume that [1(S) is a symmetric Banach
11(S)-1*(E)-module whose space of underlying is {!(S), and acts on !(S)
via

ds A f = 0sf, f A os:=0, (6, € 1M(S), f € 11(9)).

Consider the identity map I : I'(S) — [1(S). By relations (2.3) and (2.4), it
is easy to see that [ oy is a module y-derivation. By the hypothesis, since
['(S) is x-module Connes amenable, there exists e (g) € ['(S) such that

Io X(55) = X((SS) Aepesy — epes) A X(és)

Therefore, x(d5) = x(0s) A eprgy and the element ej(g) is a bounded
approximate identity for y(I1(.9)). ]

An analogue of the following theorem for commutative dual Banach algebra
is given in [3, Theorem 2.5].

Theorem 2.7. Let S be a discrete semigroup, 11(S) be a dual semigroup
algebra and x € Ho-(11(S)). If 11(S) is x-module Connes amenable, then
11(S) is o x-module Connes amenable for any n € H.(11(9)).

Proof. Let E be a symmetric normal Banach [!(S)-I}(F)-module and
D : I}(S) — E be a module n o y-derivation that is w*-continuous. It is
sufficient to show that D is inner. For this purpose we equip E with the
module actions defined by

ds 0 x =n(0s).x, xed; =1x.n(ds), (6, € 11(9),x € E).

Now, by using relations (2.6) and (2.7), E becomes a symmetric normal
Banach {!(S)-I*(E)-module. We have

D(656¢) = D(d5).n 0 x(6:) + 10 x(5)-D(6)
= D(d5) ® x(6:) + x(65) @ D(¢).
Thus, there exists y € F such that
D(65) =y x(65) — x(d;) oy = y-n o x(0s) —nox(ds).y, (5 €1'(S)).

The above argument completes the proof. [

3. x-MODULE NORMAL VIRTUAL DIAGONALS

Let U be a Banach algebra. Let S be a discrete semigroup and I1(S) be
a dual Banach algebra that is hold in compatible module actions of (2.2).
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Let Z be the closed ideal of the projective tensor product of [*(S) with itself,
11(S)®I1Y(S). We put
T =<a.(0,®5) — (0, ® §).a0 >, (€U, by, 0, € 11(9)).
We denote the module projective tensor product of [*(S) and itself by
1 A\S, 1 : 1\, 71 I'(S)&I(5)
I(S)®yul*(S), and we consider [ (S)®Ryl (S) =~ :
Suppose that J =< (a.d,).0y — 84.(0y.) >, is the closed ideal of I1(.9). It

is clear that 7w = J. Then by use of [18], the quotient algebra 11(75) is dual
with predual

LT ={® € ¢y(S): (®,5) =0 forall j € T}
Also, we have
Tt ={T el®(S): (¥,j)=0forall jeJ}

Throughout this section, it is assumed that

1(5) 1s)  1(S)
£2.(—22,0) = {7 F: x ~c}, 3.1
2o = {F 7 G.)
that F is separately w*-continuous two-linear map, and suppose that
~ XS
O : 11(S)@ul'(S) — (j)
is the multiplication operator with O(d; ® & + Z) = 0,6 + J.
Using the Open Mapping Theorem the quotient map ©* maps +J onto
Ei*(@,(ﬁ). It follows that ©* drops to an [}(S)-U-module
homomorphism
I(S) I'(S)
0 . L2, ,C)" — :

Also, consider the map that is defined by
ll 1
L S) )
J J
Definition 3.1. Let S be a discrete semigroup, I'(5) be a dual Banach alge-

bra and x : I}(S) — I}S) be a bounded w*-continuous module

homomorphism. An element ® € Ei*(ll(TS),C)* is called a x-module nor-

X0 +T) =x(6)+T, 6, €1'(S).

mal virtual diagonal for [1(S) if

0™ (D).(x(8g) +T) = (x(6) + T) (8 € I'(S)), (3.2)
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and
D.(x(6) +T) = (x(6,) + T).D (3, € I'(S)). (3-3)

In the sequel, we prove the main theorem of this section. Indeed, we show
that if [1(S) is an unital dual Banach semigroup algebra with an id-module
normal virtual diagonal, then {!(S) is module Connes amenable.

Theorem 3.2. Let S be a discrete semigroup and U be a dual Banach
algebra. Let 11(S) be an wunital dual Banach U-module that contain an
id-module normal virtual diagonal. Then 1*(S) isid-module Connes amenable.

Proof. Let X be a symmetric normal Banach I'(S)-U-module. First, we note
that /1(S) has an identity. It is sufficient to show that [1(S) is id-module
Connes amenable. We suppose that X is unital. Let D : [1(S) — X be
a w*-continuous module derivation. It is clear that X is a normal Banach
@—L{—module. Let X = (X,)*. Since X is symmetric, D vanishes on J. We
define

_IYS 5
D : \(7) — X, D(6s + J) := D(45) (6, € 11(9)).
For every x € X,, we correspond (2, : ll(js) X li(;) — C via

(05 + T, 6+ T) = (2, (6, + )D&+ T)) (05,8 €1(5)).  (3:4)
It is clear that €, € E%U*(HTS), C). By using (3.1) and Definition 3.1, suppose
that F € E%U*(ZI(TS), C) and ® € E?U*(ZI(TS),(C)*. We define
(’D,]-“>:/ ) Fos+ T, 0+ T)dD(0s + T, 0+ T). (3.5)
(S)@ult(S)

More generally, suppose that X is a dual Banach space. From
Definition 3.1 and above notation it follows that for F € E?U*(Z(TS), C),

0.6, + ) = (6, + J).D

is equivalent to

/f(5q55+J,5t+j)d® = /f(55+J,5t5q+j)d®.

CINS) o 1M(S) : .
Suppose that G : —= x —= — X is a bilinear map such that

0s+J — G0+ T, 0+ J), w+J —Gos+T, 00+ T)
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are w*-continuous. Now for z € X, and [ GdD € X define
</gd©,x> :/<g(55+j,5t+j),$>d®(5s+j,5t+j).
By using (3.2) and (3.3), for each d,,d; € I1(S) and ® € ¢y(S) we have
< /55@ A9, P+ jL> - <@, O (® + ji)> - <@**(©), o+ ji>.

Now, put
H(x) = (®,Q,) (x € X,). (3.6)

<(5 +J).H — H.(5, —|—j),x> <(H,x.(5q+j)—x.(5q+j)>
/<(55t+j) (6, + ). >
<D; Qx.(5q+J)(5q+j).z>

Qi (5,47)~(6,+7) 20D

:/< (6, + )6+ T)DY G+ T)
(85 + T)D, + T (6, + j)>d@
:/< (8,65 + T)D(6, + T)

— (65 + T)D(S + T) (0, + T) )dD

)
:/<( 0o+ VD615, + )
— (6, + T)D (5 + T) 5+j>d©
~ [{@.6.+ DDG + 716+ )
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— (0 + T)D(6: + T) (0, + T)
+ (0 + T)(6 + T) DG, + T) )dD.

Thus we have

<(5 +J).H - H.(0,+J), > /5+j )8 + T)D(6, + T), >

(¢
/<55t+j D(s, + ), >
(¢

/ (600 + ), >d®D((5 +J)

:/<@**(@).D(5q +J).7)
Therefore, D(6,) = 6,.H — H.d, holds. O

In Theorem 3.2, it is shown that if an unital semigroup algebra {1(.S) has a
module normal virtual diagonal, then [*(S) is module Connes amenable.

In the next section we prove an important inherited property for above
theorem.

4. SOME INHERITED PROPERTIES

Before turning our result, we note that if S is a weakly cancellative

semigroup, then [*(S) is a dual semigroup algebra with predual ¢y(S), i.e
11(S) = (co(S))* [4, Theorem 4.6].

Lemma 4.1. Let S be a weakly cancellative semigroup with idempotents E
and [1(S) be a dual Arens regular semigroup algebra. Moreover, let I1(S) be a
dual Banach I*(E)-module. If x € H,-(11(S)), then the following conditions
are equivalent:

(1) 1Y(S)®n gy (S) s x®n(m)x-module Connes amenable,

(2) 1X(S)*@p ()1 (S)™ is X**®p(m)X**-module Connes amenable.
Proof. Let 1*(S)®p )l (S) be x®p(zx-module Connes amenable and E
be a symmetric normal Banach ll(S)**@ll(E)ll(S)**—module. Moreover, let

D M9 ®pm!'(S)™ — E be a w-continuous module Y**®ji ()X
derivation. Let

2 (S)@p )1 (S) — 1H(S) & gyl (S)™
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be the canonical map. It is clear that p is w*-continuous. Without loss of
generality, by [0, Theorem 1.3] suppose that S is a finite semigroup. Since
H(S)®p(m)l*(S) is a dual Banach I'(E)-module, by the hypothesis and by
using Theorem 2.5 the proof of the first part is complete. For the converse,
we apply the second part of Theorem 2.5. Il

Remark 4.2. In fact, the proof of Lemma 4.1 say that for any symmetric
normal Banach [!(S)®pg)l'(S)-1'(E)-module E, each w*-continuous mod-
ule x®p (gyx-derivation from [1(S)&p(g)'(S) to E is inner if and only if
for any symmetric normal Banach I'(S)"*®p(g)!!(S)**-I'(E)-module E, each
w*-continuous module X**®l1( g)X*"-derivation from module projective tensor
product I1(S)*®p(g)l*(S)* to E is inner where, S is a weakly cancellative
semigroup with idempotents E.

Corollary 4.3. Under the conditions of Lemma 4.1, the module projective

L -

tensor product ?1(5)(@11@) e @ll(E)ll(Si 18 ;g@)p(E) e (§>11(E))2—m0dule Connes

n n
A A

amenable if and only Z'fil(S)**@ll(E) e @ll(E)ll(S)*; is ;{"*@llw) e @ll(E)X*;—
module Connes amenable.

Theorem 4.4. Let S be a weakly cancellative semigroup with
idempotents E, [Y(S) be an wunital dual Banach ['(E)-module and
HS)®@pm)lH(S) be a dual Banach I'(E)-module. If x € H.,(I1(S)) and
1*(S) is x-module Connes amenable, then I'(:S)®p(g)I1(S) is X®p @)X -module
Connes amenable.

Proof. Consider the following commutative diagram,

1(5)80(:!"(S)
y 5Th
11(S)BI(S) —Z° : |

FiGure 3. Commutative diagram.

Let ['(S) be y-module Connes amenable. Let E be a symmetric
normal Banach [1(.S)®p1(g)!!(S)-I*(E) module and

D : 1M9)®pm!'(S) = E
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be a module x®p1(g)x-derivation that is w*-continuous. Consider the quotient
map 7 : [1(S)RI1(S) — ll(S)®ll(E)l1(S). Define

0sR6)x=70s@%) 0z, 2.(0;R0)=16r(0s d)

for every &,,6; € I*(S) and z € E. Since 7 is w*-continuous, E is a normal
Banach I'(S)®1'(S)-1'(E) module. Put

Do :IYS)®IYS) - E.

It is clear that D = Do is w*-continuous module x ® x-derivation. It is
known that if D o7 is inner, then D is inner. For this purpose, suppose that
e (s) is an identity element for I'(S). We define

0s A x = ((SS 0y 651(5))x, T 40, = x(és 0% ell(g)) (55 S ll(S),a: c E)
For §, € IY(S),x € E and §, € I'(E), we obtain

0s € (0,.7) — (05.04) €42 = (0 ® epsy).(0u.7) — (6504 @ €p(s)).T
= (05 ® en(s)).(0u-z) — (0u-05 @ ep(s)).x
= (05 @ en(s))-(0u-x) = (0u-(ds ® €n(s))).x
= (05 ® ep(s))-(0u-z) — (s @ €p(g)).0u).x
= (05 ® ep(s))-(0u-7) — ((ds @ ep(s))-(0u-1)

Also, the same argument is hold for the right actions. Therefore, F is a
symmetric normal Banach [*(S)-I!(E)-bimodule. Put

Dll(S) : ll(S) — B, Dll(s)(és) = D((SS X 611(5)) (53 € ll(S>)
We obtain
Dii(5)(056:) = D(ds ® ep(s)).X ® x(6 @ ep(s))
+ X ® X (05 ® ep(g)).-D(0 @ epsy)
= Dp(s)(05) €4 x(0) + x(05) 4 Dps)(6r).

Since [1(S) is x-module Connes amenable, there is g € E such that
Dys) = ady. Thus, D = D — ad, vanishes on ['(S) ® e (g). Setting

0s » x = (651(5) @ (58).$, x P 0y = iE‘.(ep(S) @ 53) (4.1)

for every d, € I1(S) and # € E. The module actions defined in (4.1), makes
E into an [1(S)-I}(E)-bimodule for §; € I}(S) and x € E. Let us now,
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Dgl(s)(és) = D(@ll(s) ® ds). Set
Y={yek,: ([7(611(5) ® 0s),y) = 0}.

Since D is w*-continuous, by use of [21, Theorem 4.9] and applying the

similar argument we conclude (%)* = [?(611(5)@)55) . Furthermore,

= w*

D(epsy ®ds) is a w*-closed submodule of E. Thus, D(GZI(S) ® 55)w is a
symmetric normal Banach [1(S)-I}(E)-module. By hypothesis, there exists

o € D(ell(g) Q1(5) (55)w such that
D(ep(sy ® 0s) = Djssy(85) = x(65) » 05 — 65 » x(65)
= X ®p(s) X(en(s) @ 05).0p — . x Qpsy X(en(s) @ ds)

and D — ads, \(ell(s)®p(5>) is vanishes on e;i(g) ® 11(S). All in all,

D — ad(;f =D — adég - ad5f |11(S)<§>l1(E)ll(S): 0.
]

Example 4.5. Suppose that N is the set of positive integers,

(1) Tt is well-known that the semigroup algebra [*(N, max) has an identity.
Since N is weakly cancellative, [1(N, max) is a dual semigroup algebra
such that I*(N, max) = (co(N))*. By [6, Theorem 5.13], I*(N, max) is
not Connes amenable. Moreover, [!(N, max) is module amenable on
(BN max)), 80 it is id-module Connes amenable. Using Theorem 2.6,
it has a bounded approximate identity for y(I'(N, max)).

(2) If S = (N, min), then the semigroup algebra {!(N, min) is a non-unital
Banach algebra with a bounded approximate identity. Furthermore,
I*(N, min) is module amenable on ' (E(y min)), 0 it is id-module Connes
amenable.
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