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Extended Abstract

Introduction

The concept of amenability of Banach algebras to the case that there exists an additional U-module struc-
ture on Banach algebras, where U is Banach algebra is extended by Amini in [1].

Runde in [12-14], introduced the concept of Connes amenability of dual Banach algebras and this
type of Banach algebras is interested by many researchers. Ghaffari and Javadi studied the notion of ¢-
Connes amenability of dual Banach algebras in [5]. A dual Banach algebra A is ¢-Connes amenable if,
for every normal p-bimodule F, every bounded w*-continuous derivation D : A — E'is inner. Connes
amenability and strong Connes amenability for Lau product, projective tensor product of Banach algebras
and ['-Munn algebras is investigated in [6, 7, 17].

The concept of module Connes amenability for dual Banach algebras which are also Banach modules
with respect to the compatible actions, first defined by Amini in [2]. A type of module Connes amenabil-
ity of semigroup algebras, module Connes amenability for projective tensor product and strong Connes
amenability of certain dual Banach algebras is investigated in [16—18]. In fact, let A be a dual Banach
algebra, ¢ : A — A is a homomorphism and U be a Banach algebra and A is a Banach U-bimodule. We
say that A is U-bimodule ¢-Connes amenable, if for every commutative normal Banach A-U-bimodule
FE, every w*-continuous U-bimodule p-derivation D : A — F is inner. Weak amenability of module
extension of Banach algebras has further investigated and deepened by Zhang [19]. The Lau product
of two Banach algebras was introduced by Lau in [9] for certain class of Banach algebras and followed
by Monfared in [10] for the general case. The mentioned products not only provide important examples
of Banach algebras which are pleasant in their own right but also they are known as a prolific source
of (counter) examples in functional analysis and harmonic analysis. In present paper, we are going to
study the notions of U-bimodule gpﬁ ® wg -Connes amenability of projective tensor product A®B and
U-bimodule (wﬁ, 0)-Connes amenability of U-bimodule extension of Banach algebras A @ €2 in which,
A and B are dual Banach algebras, X is a normal Banach A-bimodule and cpﬁ, @bﬁ are w*-continuous
homomorphisms on A and B, respectively. Also, we study the relation between the mentioned notions
for pointed Banach algebras and the first Banach algebras. In the follow, we present characterizations for

the mentioned notions and give examples.

Conclusion

In this paper, the following definitions are stated: Consider A = (A,)* is a dual Banach algebra, and U

is a Banach algebra such that A is a Banach U-bimodule via following compatible actions,
v.(ab) = (v.a).b, (vw).a = v.(w.a), (0.1)

forevery a,b € A jv,w € U.
Let E be a normal dual Banach A-bimodule. Moreover, if [E is an U-bimodule via

v.(a.e) = (v.a).e, (a.v).e = a.(v.e), (v.e).a =v.(e.a),

forevery a € A, v € U and e € E, then we say that [E is a normal Banach left A-U-bimodule. Similarly,



for the right actions. Also, if moreover
v.e=euv (velU,ecR), (0.2)

we say that E is commutative normal Banach A-U-bimodule.
Let U and A be Banach algebras, and let IE be a (commutative) Banach A-U-bimodule, then so is [E*.
Indeed, in this case, E* becomes a Banach A-U-bimodule. For more information see [11].

Definition 0.1. Let A and U be Banach algebras such that A is a Banach U-bimodule and cpﬁ A — A
is a map that satisfied

h(v.a +baw) = vl (a) + o (b)w, ph(ab) = o (a)¢h ()
for every a,b € A and v, w € U. Then we say that cpﬁ is an U-bimodule algebraic homomorphism.

Definition 0.2. Let A = (A,)* be a (dual)Banach algebra. Let U be a (Commutative) Banach algebra
such that A is a Banach U-bimodule, g0§ € Hg* (A) and E be a Banach A-U-bimodule. A bounded map
Dﬁ from A to E is called a U-bimodule gpﬁ—derivalion if

A A A A A A A A
D (v.a £ bw) =v.Dy(a) £ D;(b).w, Dy(ab) =D, (a).e;(b)+ ¢ (a).Dy(b),
forall a,b € A andv,w € U.

A bounded linear mapping D§ : A — E is called an inner U-bimodule goﬁ—derivation if there exists
x € E such that
Ar oy o A A
D (a) = z.p; (a) — ¢, (a).x (a € A).

Definition 0.3. Let A be a dual Banach algebra. Let U be a Banach algebra such that A is a Banach U-
bimodule and cpﬁ e HY “(A). Wesay that A is U-bimodule goﬁ-Connes amenable if for every commutative

normal Banach A-U-bimodule E, every w*-continuous U-bimodule cpﬁ—derivation Dﬁ : A — Eis inner.

Definition 0.4. Suppose that A = (A,)* is a dual Banach algebra and Q) = (Q..)* is a normal Banach
A-bimodule. Let wﬁ € Hg’* (A), x € H%"* (Q), and A ® Q be a dual Banach algebra. Define

W x) AeQ—AsQ, W5 x) (@, w) = (] (a), x(w))
forall a € A and w € . In this case we say that (%, x) € HY" (A @ Q).
Also, the next proposition, corollary and theorems are presented:

Theorem 0.5. Suppose that A and B are unital dual Banach algebras with preduals A, and B, respec-
tively. Suppose that (pﬁ € qu”* (A) and @/}E € Hg* (B) are unital. Let A be U-bimodule cpﬁ-Connes
amenable, B be U-bimodule %]?-Connes amenable and owc(ASB) be a unital dual Banach algebra.
Then cwc(ARB) is U-bimodule goﬁ ® @bg—Connes amenable.

Proposition 0.6. Let U be a Banach algebra, A and B be dual Banach U-bimodules algebras with com-
patible actions. Let cpﬁ € Hg’* (A), wg € Hg’* (B) and AQB be U-bimodule gpﬁ ® wg-Connes amenable
dual Banach algebra. Then A is U-bimodule goﬁ-Connes amenable and B is U-bimodule @Dg-Connes

amenable.



Theorem 0.7. Let A = (A,)* be a dual Banach algebra and ¢§ € HS’* (A). Let Q = ()" be a normal
Banach A-bimodule. Then the following hold:

(D) If A @ Q is U-bimodule (wﬁ, 0)-Connes amenable, then A is U-bimodule wﬁ—Connes amenable.

(1) If QA = 0 and A is U-bimodule wﬁ—Connes amenable, then A @ () is U-bimodule (wﬁ, 0)-Connes

amenable.

Corollary 0.8. Let A be a dual Banach algebra with predual A, and let Q) be a normal Banach A-bimodule
with pseudo-unital predual Q). Then A ® Q is U-bimodule (id,0)-Connes amenable if and only if A is

U-bimodule id-Connes amenable.
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